
PHYSICS OF FLUIDS VOLUME 12, NUMBER 9 SEPTEMBER 2000
Colloid-facilitated tracer transport by steady random ground-water flow
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We study the transport of reactive solute in a three-phase system~water–solid matrix-colloids! in
natural porous media. Semianalytical~integral!solutions are derived for the first time, which can be
used for computing expected concentration, mass flux, or discharge for the dissolved as well as for
colloid-bounded tracer. The results are based on a few simplifying assumptions:
advection-dominated transport, linear mass transfer reactions, and steady-state colloidal
concentration. Derived semianalytical expressions capture the main features of colloid-facilitated
transport~the reversible-equilibrium and irreversible-kinetic sorption of tracers on colloids!, and are
applicable for the general class of linear sorption processes on the porous matrix. Derived solutions
account for spatial variability of flowand sorption parameters, which is relevant for field-scale
applications. We apply the theoretical results to the transport of neptunium and plutonium, using
flow and transport data from the alluvial aquifer near Yucca Mountain, Nevada. Based on the zeroth
and first temporal moment, dimensionless indicators are proposed for assessing the potential impact
of colloid-facilitated tracer transport in aquifers. Generic sensitivity curves show the importance of
tracer-colloid kinetic rates. Even very low irreversible rates~which will generally be difficult to
determine in the laboratory! may yield observable effects for sufficiently long transport times. The
obtained results can be used for assessing the significance of colloid-facilitated tracer transport
under field conditions, as well as for setting further constraints on relevant parameters which need
to be estimated in the field. ©2000 American Institute of Physics.@S1070-6631~00!50509-1#
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I. INTRODUCTION

Many contaminants in ground-water strongly intera
with the immobile porous matrix, which retards their mov
ment relative to ground-water flow. Colloidal particles
different origin ~biocolloids, aluminosilicate clay minerals
organic colloids!are very often present in ground-wate
These particles have a relatively small size and large spe
surface area. The strong affinity of pollutants to interact w
the immobile porous matrix, implies their strong affinity
interact with mobile colloidal particles as well. The bindin
of tracers to colloids may enhance their mobility in groun
water significantly, relative to the case where colloids are
present; this is likely to be relevant for a variety
pollutants.1

A class of pollutants for which colloid-facilitated trans
port may be of particular significance are radioactive i
topes. One reason why geological media is considered
able for final disposal of spent nuclear fuel, is the stro
affinity of many radionuclides to adsorb onto the porous m
trix. The common view is that radionuclides accidentally
leased, would be contained in the geological media by
sorption, until sufficient decay has taken place. However,
presence of colloids may enhance radionuclide mobility
the ground-water, and reduce the efficiency of geolog
media to act as a natural barrier. Although these issues a
concern for safety and performance assessments of pla
nuclear waste repositories, a modeling framework for eva

a!Electronic mail: vdc@wre.kth.se
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ating the potential significance of field-scale tracer transp
enhanced by colloids in heterogeneous geological media
currently lacking.

Wider interest in understanding colloid-facilitated co
taminant migration on the field-scale, followed the discove
of plutonium in a deep aquifer at the Nevada test site, s
nificantly further downstream than had been predicted ba
on its sorption properties and the mean ground-water fl
~e.g., Ref. 2!. The discovered plutonium was associated w
inorganic colloidal particles,2 suggesting that it was carrie
by these with approximately the ground-water velocity.2,3 A
similar observation was made earlier in a shallow aquifer
plutonium and americium,4 although this finding has bee
questioned more recently.5

Two main problems in aquifers are inaccessibility a
random spatial variability in physical and chemical prop
ties. In practice, a limited number of field measurements
usually available for characterizing flow and reaction para
eters, and contaminant transport can in most cases be m
tored at only few locations. Thus the challenge in predict
the fate of contaminants in ground-water is on the one h
to account for coupled flow and reaction processes un
conditions of heterogeneity, and on the other hand to prov
statistical descriptions based on information which can re
istically be extracted from the subsurface.

Current models for colloid-facilitated tracer transport a
based on a one-dimensional convection–diffusion equa
with constant parameters, and are suitable for the labora
scale (,1021 m! ~e.g., Refs. 6–8!. Modeling colloid
facilitated tracer migration on the field scale (.102 m!,
9 © 2000 American Institute of Physics
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however, is still a major challenge in view of the rando
three-dimensional spatial variability of subsurfa
properties.9

In this work, we present for the first time a Lagrangi
probabilistic model for colloid-facilitated tracer migration
heterogeneous aquifers, which accounts for the random
tial variability in physicaland reaction properties. Our gen
eral Lagrangian methodology developed in the past for re
tive transport in a two-phase system~fluid–solid matrix!10–13

is here extended to a three-phase system~fluid–solid matrix-
colloids!. We provide solutions of the transport problem
the form of semianalytical~integral! expressions, and illus
trate the potential significance of colloid-facilitated trac
transport for plutonium and neptunium using flow and tra
port data for the alluvial aquifer near Yucca Mountain, N
vada.

II. PROBLEM DESCRIPTION AND ASSUMPTIONS

Ground-water flows in an aquifer with a steady-sta
spatially varying random velocity, V(x) where
V(V1 ,V2 ,V3) andx(x1 ,x2 ,x3) ~see Appendix A for a brief
summary on ground-water flow in heterogeneous aquife!.
A dissolved contaminant is injected into the aquifer over
injection area@Fig. 1~a!#, the typical scale of which is eithe
large, or small, relative to the transverse integral scale
aquifer heterogeneity. Alternative interpretations of t
probabilistic solutions of the transport problem depending
the size of the injection area, are discussed in Sec. V.

If the ground-water contains colloidal particles~as often
is the case!, these can bind part of the contaminant m
Both the colloids and contaminants are in general subjec
mass transfer/transformation processes, due to var
physico–chemical interactions, such as chemical sorpti
desorption ~e.g., ion-exchange, surface complexatio!,
deposition/filtration, decay/degradation, etc.

The problem of tracer-facilitated tracer transport aris
due to two parallel processes: on the one hand, the coll
move essentially with ground-water velocity; on the oth
hand, part of the tracer mass attaches~‘‘sorbs’’! onto the
colloids, i.e., there is transfer of tracer mass from the solu
~dissolved tracer!onto the mobile particulate matter~col-
loids!. The result is that tracer retention due to sorption o
the immobileporous matrix is reduced, and tracer mobility
enhanced, relative to the case where colloids are not pre
@Fig. 1~a!#. We wish to provide here a model for colloi
facilitated tracer transport which accounts for aquifer hete
geneity in flow and reaction parameters, and captures
most dominant mass transfer reactions.

It is well established that for computing average tra
port quantities in the subsurface~e.g., expected tracer con
centration or discharge, spatial and temporal moments!, the
random flow velocity controls physical transport on the fie
scale~e.g., Refs. 14, 15!. In other words, dispersion due
velocity fluctuations on the pore scale is negligible compa
to the field scale dispersion due to fluctuations ofV. This is
the basis for our first assumption~this assumption is analo
gous to neglecting molecular diffusion in turbulent diff
sion!:
,
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~i! physical transport is advection-dominated, i.e., po
scale dispersion can be neglected.

The support volume for the ground-water velocity is d
fined on the local scale,'10212100 m @see Fig. 1~b!#. A
mean flow exists and without loss of generality, we align t
x1-axis with the mean flow direction such that^V1&
[U, ^V2&5^V3&50, with ^ & being the ensemble averag
operator~Fig. 1!.

For advective transport, a streamtube is defined
streamlines emerging from an elementary areaDa in the
vicinity of x5a(0,a2 ,a3) @Fig. 1~b!#. We study the transpor
of a dissolved tracer released overDa into the aquifer at time
t50. At t.0, the tracer migrates toward the ‘‘control plane
~CP! ~also referred to as the ‘‘accessible environment’’! at x1

@Figs. 1~a!and 1~b!#.
In natural systems colloids are always present in grou

FIG. 1. Configuration sketches of~a! the colloid-facilitated tracer transpor
problem on the field scale;~b! a random streamtube originating ata and
extending through an aquifer to the control plane~CP! at x1 . The mean
ground-water flow is set parallel with thex1-axis. Three distinct scales in~b!
arefield scale(.'102 m! determined by the scale of the transport proble
~from x150 to x1), the local scale~or laboratory scale! ('10212100 m!
on which the support volume/area for all quantities and parameters is
fined, andpore scale(,1023 m!.
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water. If the concentration of colloids does not increase s
stantially with the tracer release, then it is realistic to supp
that an equilibrium state for the colloidal concentration at
time of tracer release has been established. In recent lab
tory experiments designed to mimic field conditions, for
stance, actinides were injected as tracers in a column
after the colloidal concentration attained a steady-s
value.8 In cases where substantial amounts of colloids
injected with a strongly or moderately sorbing tracer, coll
dal concentration is likely to reach a steady-state over s
times relative to the tracer transport time. For instance, c
centration of kaolinite particles (,2 mm! injected in a sand
column simultaneously with cesium, reached a steady-s
after less than 2% of the transport time.7

The second assumption of our analysis is:

~ii! colloidal concentration is a function of space only, i.
steady-state conditions are applicable over the con
ered space-time domain.

For most applications, contaminants in ground-water
present at low concentrations, hence, the wide class of lin
mass transfer models is sufficient~e.g., Refs. 16, 6!. We stat
our third assumption as:

~iii! all mass transfer reactions for the tracer are linear.

III. THREE-PHASE TRANSPORT MODEL

In this section, we develop a transport model in seve
steps. First, we provide a solution for advective, steady-s
transport of colloids, and then establish Eulerian and
grangian mass balance equations for the tracer. Finally,
adopt a few alternative mass transfer~sorption!models for
tracer exchange between the three phases in which the
tially variable colloidal concentration is a parameter.

The assumption of advection-dominated transport
plies that the mass flux vectors for the colloids and tracer
respectively

Jc~x,t ![qCc~x,t !V~x!, J~x,t ![qC~x,t !V~x!, ~1!

whereCc @ML23# is the colloidal andC @ML23# the tracer
concentration defined per unit volume of fluid, andq is the
porosity that is assumed constant; the support volume
both Cc andC is defined on the local scale@Fig. 1~b!#.

The advection velocities for colloids and tracer are in~1!
set equal, since we consider sufficiently small colloidal p
ticles ~irrespective of their origin!, as to be dynamically
inert.6,7 In reality, the advection velocity of the colloids i
somewhat larger than that of an inert tracer due to ‘‘exc
sion’’ phenomena, however, this effect has been negle
on the laboratory scale~e.g., Refs. 7, 8!and is anticipated
even less relevant for the field scale.@The effect of ‘‘exclu-
sion’’ can be incorporated into the analysis either as a s
tially uniform or variable factor that multipliesV in the ex-
pression~1! for Jc .]

A. Colloids

Exchange processes of interest for colloidal transport
removal due to e.g., filtration, andgeneration. Laboratory
evidence indicates that colloidal removal in porous me
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can be described as first-order linear loss,6,7,9 and that filtra-
tion models may be applicable.17 Generation of colloids is
more difficult to quantify, both in the field and the labor
tory. In fact, little is known about colloidal removal an
generation on the field-scale.17,18,3 It is apparent, however
that physical as well as chemical factors may influence g
eration and deposition of colloids.17,18

We propose here a steady-state model for colloidal tra
port in the form

¹•~VCc!52e~x!Cc1x~x!, ~2!

where Cc5Cc
0 at x5a, and e(x)>0 is the irreversible

deposition/removal rate.e @T21# is likely to be correlated to
the magnitude of the flow velocity,V([uVu). In fact, a com-
mon assumption for deposition~filtration! under laboratory
conditions ise;V ~e.g., Refs. 19, 9!. The parameterx(x)
@ML23 T21# ~defined per unit volume of fluid!, quantifie
the generation of colloids; in general,x varies along a tra-
jectory, due to spatial variability in the controlling physico
chemical properties.

The three-dimensional Eulerian Eq.~2! can be trans-
formed onto a trajectory~stream tube!using Lagrangian co-
ordinates (t,h,z) @see Appendix A and Fig. 1~b!#; the meth
odology was first presented in Ref. 10~see also Ref. 12!. The
benefit of this transformation is that a three-dimensional E
lerian system is reduced to a one-dimensional Lagrang
system in the (t,t) domain, wheret is random.

The result of transforming~2! is the Lagrangian equation

dCc

dt
52e~t!Cc1x~t!, ~3!

where the Lagrangian counterpart ofe(x) is e(t)
5e@X( t)# ~see Appendix A!. SimilarlyCc(t) in ~3! is re-
lated to Cc(x) in ~2! as Cc(t)5Cc@X( t)#; we retain the
same notation for simplicity.

We solve~3! for Cc along a trajectory as

Cc~t!5e2n(t)F E
0

t

x~u!en(u)du1Cc
0G , n~t!5E

0

t

edt8.

~4!

If the generation of colloids is negligible,Cc(t)5Cc
0

3exp(2n).
The simplest case is if both the removal and genera

are relatively small, such thate5x50 at all points, and
Cc5Cc

0 is uniform along the entire trajectory.

B. Tracer: Eulerian formulation

Let S @MM21# denote the concentration of a tracer o
colloids, defined per unit colloidal concentration; the actu
tracer concentration is thenSCc . Furthermore, letN @ML23#
denote the concentration of tracer immobilized on the por
matrix by sorption, defined per unit bulk volume.

The Eulerian mass balance equations that link the f
concentrationsCc , C, S, andN are written in a general form
as
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R
]C

]t
1¹•~RcCV!5cc~C,S!1cpm~C,N!,

]~CcS!

]t
1¹•~CcSV!5cc8~C,S!2eCcS, ~5!

]N

]t
5cpm8 ~C,N!,

where

R[Rc1Kd , Rc[11Kc511kCc , ~6!

are referred to as retardation factors, andCc(t) is given in
~4!.

In ~5!–~6!, Kd is the dimensionless partitioning coeffi
cient ~or equilibrium constant!for equilibrium sorption sites
on the porous matrix,Kc is the dimensionless partitionin
coefficient for equilibrium sorption sites on the colloids, a
k is the dimensionless partitioning coefficient for equili
rium sorption sites on the colloids defined per unit conc
tration ~or density!of colloids. Thus two types of sorption
sites on the colloids, as well as on the porous matrix,
considered in~5!–~6!: one where sorption is relatively fas
~equilibrium!, and one where it is relatively slow~kinetically
controlled!. With the formulation~5!, we clearly distinguish
equilibrium from kinetic sorption on both the colloids an
the porous matrix:cc5cc85cpm5cpm8 50 implies that only
equilibrium sorption takes place.

As a consequence of the linearity assumption,
source/sink componentscc , cc8 , cpm, cpm8 are linear in
the tracer concentrations, i.e.,Wcpm5cpm(WC,WN),
etc . . . ,whereW is independent ofC, N, S.

C. Tracer: Lagrangian formulation

The Eulerian equation system~5! can be transformed
onto a trajectory similar to~3! ~see also Appendix A!. The
result is a Lagrangian equation system for the concentrat
C, S, N in the one-dimensional (t,t)-domain.

In many applications, tracer detection is such that
may require tracer mass flux, or discharge, across a spec
control plane~CP! @Fig. 1~a!#, rather than~or in addition to!
the concentration. Furthermore, different injection modes
relevant in applications, i.e., different quantities may
specified at the injection pointx5a, such as tracer concen
tration, discharge, or the mass flux.

The dissolved tracer mass flux vector is defined in~1!
and we are particularly interested in itsx1-component,J1

5qCV1 . Dissolved tracer discharge,X @M T21#, is obtained
by integratingJ1 over the CP, i.e.,X[*J1 dx2 dx35qC,
whereq @L3 T21# is the~constant!volumetric flow rate for a
stream tube. The corresponding quantity for the collo
bounded tracer isY[*JS1dx2 dx35qSCc , where JS1

5qSCcV1 . Note that the fluid continuity statement isq
5qDaV05qDAV15const. in any given realization of a
aquifer, whereV0[V1(a) andDA is the cross-sectional are
of the stream tube at the CP@see Fig. 1~b!#.

It can be shown that for linear mass transfer reactio
the solution for all injection/detection modes for a strea
tube involves what we refer to as the ‘‘reaction function’’;10
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the reaction function~‘‘reaction function’’ corresponds to
what is also referred to as the ‘‘impulse–response functio!
quantifies how a pulse of unit strength atx5a is ‘‘de-
formed’’ by mass transfer reactions, as a function oft. In
our particular case, two reaction functions are relevant:gX

@T21# andgY @T21#. gX , for instance, is most convenientl
defined in the Laplace domain as

ĝX[
Ĉ

Ĉ0

5
X̂

X̂0

5
Ĵ1

Ĵ10

,

where C0(t)[C(t,0), X0(t)[X(t,0), and J10(t)[J1(t,0)
denote the time change of dissolved tracer concentration,
charge, and mass flux, respectively, atx5a, i.e., fort50.

A case of common interest is the injection of a specifi
contaminant mass,DM , into an aquifer at a given location
and rate; the special case is instantaneous injection.
boundary conditions are

C0~ t !5
DM

q
f~ t !, X0~ t !5DMf~ t !,

~7!
J10~ t !5DMd~x22h!d~x32z!f~ t !,

wheref(t) @T21# is the specified release rate, andh,z are
the Lagrangian transverse coordinates of the trajectory cr
ing the CP@Appendix A, Fig. 1~b!#, withh5a2 ,z5a3 for
x5a, t50. Note thatd(x22h)d(x32z)51/DA and DA
5Da for x5a, t50. For pulse injection,f(t)5d(t), and
the solution forC, X, J1 is equal togX multiplied by a
constant with respect tot,t. Relationships similar to~7! can
also be written for the colloid-bounded tracer.

The Lagrangian mass balance equations for the trace
now written in terms of the reaction functionsgX andgY , as

R8
]gX

]t
1

]gX

]t
5

1

Rc
cc~gX ,gY!1

1

Rc
cpm~gX ,NX!

2
d ln Rc

dt
gX ,

]gY

]t
1

]gY

]t
5cc8~gX ,gY!2egY , ~8!

]NX

]t
5cpm8 ~gX ,NX!,

where

R8[
R

Rc
511Kd8 , Kd8[

Kd

Rc
. ~9!

In ~8!, NX @MT21# is an auxiliary quantity, proportional to
the immobilized tracer concentration,N. The three-
dimensional nature of the solutionsgX and gY is preserved
through their dependence ona andt ~A1!. Also, we require
the computation ofh,z in order to mapC, S,J1 , or JS1 onto
the CP~see Appendix A!.

Tracer mass balance between the three phases is en
by the following relationships:

cpm8 52
1

Rc
cpm, cc852

1

Rc
cc ,



n

rp
e

y
ha
x

is

a

e

is
b
e
-
r
ds

ut
ca

m

to
n
o
tic

p
n

-

.

or
le
t

ie

ces,
ac-
sili-

iron,
orb

c-
nd
r
ulate
h
ol-
-
ol
ed

ra-
nto
d

ion

on
a
of
-

t for
he

,
er

ary
e

n
n

2283Phys. Fluids, Vol. 12, No. 9, September 2000 Colloid-facilitated tracer transport by steady . . .
which is apparent in the case where colloidal concentratio
uniform, with e5x50 and Rc5const. ForKcÞ0, part of
the tracer mass is bounded on colloids by equilibrium so
tion, whereRc.1. Because the tracer is injected in the aqu
ous phase, the mass transfer rates~i.e., c ’s! are scaled~de-
creased!by a factorRc to account for the fact that at an
given time, only the tracer mass present in the aqueous p
is available for exchanges with the matrix and/or kinetic e
changes with colloids. If equilibrium sorption on colloids
not present~or is neglected!, thenRc51.

The next step in the model formulation is the specific
tion of the sink/source termscpm andcc , which characterize
sorption processes.~In this study, ‘‘sorption’’ refers to the
exchange of the tracer mass between the aqueous phas
colloids, as well as between the aqueous phase and the
rous matrix, irrespective of the actual detailed mechan
involved. In reality, several exchange mechanisms will
simultaneously ‘‘active’’ within the support volume on th
local scale@Fig. 1~b!#; these will generally be indistinguish
able and therefore are described by lumped mass transfe~or
sorption! parameters, separately for sorption onto colloi
and for sorption onto the porous matrix.!

D. Sorption on porous media

Different physical and chemical mechanisms contrib
to the binding of tracers onto the porous matrix. Chemi
sorption ~e.g., ion-exchange, surface complexation! is rela-
tively rapid and can be well described as instantaneous~equi-
librium!; tracer transport which is dominated by equilibriu
sorption is referred to as ‘‘ideal.’’16,20 As a rule, kinetic ef-
fects are observed in tracer experiments from the labora
to the field scale, which is attributed to physical sorptio
e.g., due to intra-aggregate diffusion, or diffusion into imm
bile water;20,21 transport where mass transfer exhibits kine
effects is referred to as ‘‘nonideal.’’16,20

The general class of linear mass transfer models for
rous media~first-order with single or multiple rates, diffusio
in aggregates of different geometry, etc.!, is most conve-
niently expressed in the Laplace domain as~e.g., Refs. 22,
10, 12!

N̂X

ĝX

5F$s,P@X~t;a#%, ~10!

where ˆ denotes the Laplace transform,s is the Laplace
transform variable,P(x) is the vector of mass transfer pa
rameters@including Rc(t)], and X is the equation of the
random trajectory originating ata ~see Appendix A!. ThusF
provides an implicit definition ofcpm in the Laplace domain
Note that cpm50 ~‘‘ideal’’ transport! implies F50 or F
;s; in the following, ‘‘ideal’’ transport will imply F50 for
simplicity.

E. Sorption on colloids

Comparatively little experimental data is available f
tracer sorption onto colloids, in particular on the field sca
It is known that a wide range of mechanisms may lead
tracer sorption onto colloids, depending on tracer propert
is
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and on colloidal origin and composition.1 For instance, or-
ganic materials such as humic and biopolymeric substan
bind hydrophobic organic contaminants, metal ions, and
tinides. Furthermore, inorganic substances such as layer
cate clays and calcium carbonate, as well as surfaces of
manganese, aluminum, and silicate oxide particles ads
both metals and organic contaminants.

An important experimentally established fact is that tra
ers sorb onto colloids; this sorption is both reversible a
irreversible ~e.g., Refs. 4, 7!. A fairly general model fo
tracer mass transfer between the aqueous and partic
phase is the ‘‘bi-linear,’’ or kinetic Langmuir model, whic
accounts for the fact that a number of binding sites on c
loids may be limited.23 If the tracer concentrations are suffi
ciently low relative to the colloidal concentration in a contr
volume, then the kinetic Langmuir model can be lineariz
~e.g., Refs. 6, 7!.

In this analysis, we consider low contaminant concent
tions, and postulate the linear model for tracer sorption o
colloids cc[2a fC1a rCcS ~e.g., Refs. 6, 7!, here adopte
as

cc[2a fgX1a rgY . ~11!

In ~11!, a ’s are rates for tracer exchange between solut
and kinetic sites on colloids:a f denotes the ‘‘forward’’ rate,
anda r the ‘‘reverse’’ rate. The forward rate is dependent
the colloidal concentrationCc , and linear dependence is
common assumption~see, e.g., Ref. 23!. A special case
interest is irreversible sorption~that may take place simulta
neously with equilibrium sorption!, which is obtained in the
limit a f /a r→`, anda r→0.

IV. SOLUTIONS FOR A TRAJECTORY

We shall solve~8!–~10! for equilibrium (cc50) and
irreversible sorption on colloids (a r50), each case for
‘‘ideal’’ ~formally obtained forcpm5F50) and ‘‘nonideal’’
transport~i.e., FÞ0 and F is not a linear function ofs).
These combinations cover a wide range of cases relevan
applications. For simplicity, we seek solutions only for t
case where a tracer is injected in the solution, i.e.,gX(t,0)
5d(t), gY(t,0)50, and the domain is initially tracer-free
i.e., gX(0,t)5gY(0,t)50. In the absence of mass transf
reactions, a unit pulse is preserved as a pulse, wherebygX

5d(t2t) andgY50.
In ~8!–~10!, all the mass transfer parameters can v

spatially. The equations are considerably simplified if w
assume mass transfer parameters~including the colloidal
concentration!to be spatially uniform; in Appendix C, we
provide analytical solutions for this case.

A. Equilibrium sorption on colloids

If kinetic sites on colloids have a negligible effect o
tracer transport, thencc50 and the tracer is sorbed only o
the equilibrium sites on colloids~i.e., S5Y50). In such a
case, the governing transport equations are
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R8
]gX

]t
1

]gX

]t
5

1

RC
cpm~gX ,nX!2

d ln RC

dt
gX,

~12!
]NX

]t
52

1

Rc
cpm~gX ,NX!.

Equations~12! can be solved in the Laplace domain to yie

ĝX5expH 2s~t1m!2E
0

t

F @s,P~u!#du2§J , ~13!

where

m~t![E
0

t

~R821!du5E
0

t Kd~u!

@11Kc~u!#
du,

~14!
§~t![ ln~Rc /Rc

0!,

with Kc5kCc , Cc(t) is given in ~4!, andRc
0[Rc(0) at x

5a. The parameter vectorP in ~13! follows a trajectory~see
Appendix A!, and incorporates the parameterRc in ~6!.

Inversion of ~13! yields the general solution for ‘‘non
ideal’’ transport

gX~ t,t!5e2§g~ t2m,t!, ~15!

where

g~ t,t!5L 21H expF2st2E
0

t

F~s,u!duG J , ~16!

andL 21 denotes the inverse Laplace transform.
For ‘‘ideal’’ transport where tracer is sorbed onto th

porous matrix under equilibrium conditions,cpm5F50 and
g(t,t)[d(t2t); we then get the general equilibrium sol
tion from ~15! as

gX~ t,t!5d~ t2t2m!. ~17!

Equations~14! and~17! make apparent the effect of co
loids on transport for the equilibrium case. If no colloids a
present, or the sorption on colloids is negligible,Rc51; ~14!
then yieldsm5*Kddu and ~17! is applicable to the case o
equilibrium sorption on the porous matrix with a spatia
variable partitioning coefficient.12 For Kc.0 due to the pres-
ence of colloids, i.e.,Rc.1, m of ~14! decreases whereby th
transport is enhanced relative to the case where colloids
not present. Equilibrium sorption on colloids implies th
part of the tracer mass isalways residing on colloids, and
hence is unavailable for sorption on the porous matrix; t
in effect reduces the retardation due to sorption on the
rous matrix. Equation~17! generalizes the simplest mod
used in applications~e.g., Ref. 17!to the case where sorptio
parameters are spatially variable. We emphasize, howe
that the equilibrium sorption model cannot explain field o
servations on colloid-facilitated tracer transport~e.g., Ref.
17!.

B. Irreversible sorption on colloids

For many applications~e.g., risk and safety assessme
of contaminated sites, or repositories!, the most interesting
case is the~almost!irreversible binding of tracers to colloids
The combined field–laboratory study on colloid-facilitat
re
t

s
o-

er,
-

t

transport,4 for instance, suggests irreversible association
plutonium and americium with colloids in the size range
25–450 nm.

In the following, we consider irreversible sorption on th
kinetic sites, combined with reversible sorption on the eq
librium sites, of the colloids. Settinga r50 and a(x)
[a f(x)/Rc , the following coupled equation system is o
tained from~8!:

R8
]gX

]t
1

]gX

]t
52S a1

d ln Rc

dt DgX1
1

Rc
cpm~gX ,NX!,

]gY

]t
1

]gY

]t
5agX2egY , ~18!

]NX

]t
52

1

Rc
cpm~gX ,NX!.

The solution for the reaction functions is obtained fro
~18! in the Laplace domain as

ĝX~s,t!5expF2s~t1m!2E
0

t

F~s,u! du2v2§G ,
~19!

ĝY~s,t!5e2n2stE
0

t

a expF2sm2E
0

u

F~s,u8!du82v

1n2§Gdu,

where

v~t![E
0

t

a~u!du, ~20!

andm andn are defined in~14! and ~4!, respectively.
We invert ĝX in ~19! to obtain

gX5e2§2vg~ t2m,t!, ~21!

whereg is defined in~16!. Inversion ofĝY in ~19! yields

gY5e2nE
0

t

a~u!en2v2§g~ t2t2m1u,u!du, ~22!

wherem, §, n, v in the integrand are functions ofu.
For ‘‘ideal’’ transport (F50), g5d(t2t), and we ob-

tain

gX5e2§2vd~ t2m2t!, ~23!

which generalizes our earlier result12 to the case where the
tracer is sorbed reversibly and irreversibly onto colloidal p
ticles. ForgY , we get

gY5e2n E
0

t

a~u! en2v2§d~ t2t2m!du, ~24!

wherem, §, n, v in the integrand are functions ofu.
The Lagrangian random variablev of ~20! is an impor-

tant new quantity derived in this study. It integrates the ir
versible transfer of a tracer from the aqueous to the part
late phase~colloids!, along a trajectory. Larger values ofv
~obtained either due to increasinga or longer residence
times along a trajectory!imply larger tracer mass transfe
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from solution to colloids.a, and consequentlyv, depend on
the amount of colloids present in any given volume, ana
gous to the forward rate for reversible sorption~see Sec.
III D!. A simple linear model for this dependence isa
5a0 Cc , wherea0 @L3MT21# may be referred to as an ‘‘in
trinsic’’ irreversible rate, i.e., an irreversible rate per u
colloidal concentration.

Equations~21!–~22! summarize the most general sol
tions for a single trajectory obtained in this work. Out of t
four random Lagrangian variblesm, §, v, and n, two are
associated with equilibrium sorption (m and §), and two
with kinetic mass transfer (n and v, either by colloidal
removal/filtration, or irreversible tracer sorption on colloid!.
In ~21!–~22! @and also~23!–~24!# we see two simultaneou
irreversible mechanisms: the tracer is transferred from
aqueous solution to the colloids~with v.0), and then irre-
versibly removed from the system by filtration~with n
.0). Thus the presence of colloids can both enhance as
as detract transport, depending on the ratio of the mass tr
fer parametersn andv. These two parameters are therefo
critical when assessing the potential impact of collo
facilitated tracer transport, as described by solutions~21!–
~22!. @Note that in~21!–~22! we consider removal and gen
eration of colloids as separate mechanisms, such that
possibility of returning~i.e., being ‘‘generated’’!of once re-
moved colloids with tracer attached, is negligible.#

Because the upper limit of the integrals in~19!, ~24!, and
~22! is random due to the randomness of the fluid velocityV,
it is convenient to transform the integral from thet-domain
to x1-domain ~see Appendix A!. For instance, we have f
‘‘ideal’’ transport (F50) from ~19! in the x1-domain

ĝY~s,x1!5e2n(x1)2stE
0

x1S a

V1
D

3exp$2s m1n2v2§%dj, ~25!

wherea,V1 are computed at the point where the trajecto
originating atx5a crosses the CP, andm,n,§,v in the inte-
grand are functions of the integration variablej.

V. PROBABILISTIC SOLUTIONS

Due to the random spatial variability in the physico
chemical properties of aquifers,V and the reaction param
eters in ~5! are random space functions~RSFs!; conse-
quently, the solutionsC and S are random. In applications
we may require the statistics of the tracer concentrat
mass flux, or discharge.

Consider the case where the boundary conditions
given in ~7!; we may be interested in the expected value a
variance ofC, X, or J1 . The random character ofC, X, S,
etc., stems on the one hand from the random character ogX

andgY , and on the other hand from the possible randomn
of the injection parameters, such asDM andq. A more com-
prehensive discussion on the effect of injection modes
nonreactive transport is given for instance in Ref. 24.

In this section, we focus on computing the expected v
ues^gX& and^gY&. If DM is a deterministic parameter~this
implies thatDM is uniformly distributed over the injection
-

e

ell
ns-

-

he

n,

re
d

ss

n

l-

area @see Fig. 1~a!#! then ^X&5DM ^gX& and ^Y&
5DM ^gY&, i.e., the statistics ofX and Y are equivalent to
those ofgX andgY to a multiplicative constant.

The solutions of~8!–~10! are applicable for a single tra
jectory originating froma, and are dependent ona. If in
reality the tracer is injected over a small area relative to
heterogeneity transverse integral scales~‘‘non-ergodic’’
transport14! the expected values will quantify ensemble s
tistics, i.e., uncertainty due to random heterogeneity. If
tracer release area is sufficiently large relative to the het
geneity integral scale~‘‘ergodic’’ transport14! the expected
values will represent field-scale values that in princip
would be observed in single realizations of an aquifer
point-wise sampling of the concentration and mass flux o
the ‘‘control plane’’ at x1 @Fig. 1~a!#, or the discharge b
sampling over the entire CP. For the intermediate range~i.e.,
the transition from nonergodic to ergodic transport!, a more
comprehensive probabilistic analysis in the relative disp
sion framework would be required~e.g., Ref. 25!.

A. Reaction functions

The analytical solutions obtained forgX andgY are ran-
dom due to randomness of one, or several, of the Lagran
quantitiest, v, n, §, and m. To provide a probabilistic
solution of the problem, we require in the general case,
joint probability density function~PDF! for these quantities.

The expected valuêgX&, is computed from~23! as

^gX~ t,x1!&5E E E
0

t

e2§2vg~ t2m,m,v,§;x1!dmdvd§,

~26!

whereg(t,m,v,§) is a joint PDF atx1; note that the inte-
gration overm is limited to the interval 0,tto ensuret2m
.0. For the equilibrium case,̂gX& is obtained from~17!
using the joint PDFg(t,m;x1):

^gX~ t,x1!&5E
0

t

g~t,t2t;x1!dt. ~27!

Equation~27! is a generalization of the equilibrium mode
for colloid-facilitated transport, applicable on the field sca
for aquifers with spatially variable flow and sorption param
eters.

The expected value, for instance, ofgY given in~24! can
be computed similar to Eq.~26!. However, forgY we require
a more complex joint PDF which also accounts for the s
tial correlation ofn. The result is:

^gY&5E
0

x1E E E E E
0

t

e2nx2v1nj2§

3g̃~ t2m,nx ,m,v,nj ,§;x1 ,j!dmdvdnxdnjd§ dj,

~28!

wherenx[n(x1) andnj[n(j), and§, v, m in the expo-
nential are functions ofj. The joint PDFg̃ is defined as
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g̃~t8,n8,m9,v9,n9;x18 ,x19!

[E a* g~a* ,t8,n8,m9,v9,n9;x18 ,x19!da* , ~29!

where a* [a(x18)/V1(x18), x18 and x19 denote two separat
locations along the mean flow directionx1 , andt8[t(x18),
m9[m(x19), and equivalently for the other variables.

The joint PDFg̃ is a more complex form of the margina
PDF g̃ introduced in Ref. 11. Likewise, the random variabl
n, m, and v are analogous to the random variable ‘‘m ’’
introduced in Ref. 12. Their joint statistics can be compu
either using Monte Carlo simulations, or analytically bas
on small perturbation expansions~see results for
t,m-statistics in Refs. 12, 26!; further discussion on t
computations of the PDFs in~26!–~28! are given in Appen-
dix B.

In the special case where all mass transfer parame
are constant, and colloidal generation/removal is zero,
e5x50, we compute expected values as

^gX&5E gX~ t,t!g~t;x1!dt,

~30!

^gY&5E gY~ t,t!g~t;x1!dt,

whereg(t;x1) is the ground-water~nonreactive!tracer resi-
dence time distribution~or advective travel time PDF!, from
the injection plane atx150, to the ‘‘control plane’’ atx1 ,
andgX andgY are given in Appendix C.

In the general case, all the integrations in the above
pressions have to be carried out numerically.

B. Temporal moments

An alternative approach to directly computing^gX& and
^gY&, is to characterizêgX& and^gY& by means of expected
temporal moments.

Temporal momentsmp
X and mp

Y (p50,1,2,. . . ) are de-
fined for a pulse of unit mass as

mp
L~t![E

0

`

tpgL~ t,t!dt5~21!p
]pĝL

]sp U
s50

, ~31!

whereL5X,Y; the generalization to continuous injection
straightforward.

The expected temporal moments are evaluated from~31!
as

^mp
L&5~21!p

]p^ĝL&

]sp U
s50

. ~32!

Thus, we requirê ĝX& and^ĝY&. The expected value,^ĝY&,
for instance, is computed from~19! as
d
d

rs
.,

x-

^ĝY&5E
0

x1E E E E E E e2nx

3exp$2s~tx1m!1nj2v2§%

3g̃~tx ,m,v,nx ,nj ,§;x1 ,j!

3dtdvdmdnxdnjd§dj, ~33!

wheretx[t(x1), nx[n(x1), nj[n(j), and g̃ is defined in
an analogous manner asg̃ in ~29!; §,v,m in the exponential
are all functions ofj.

In the case of uniform reaction parameters, the mome
defined in~32! are random variables due to the randomn
of t only. We then compute

^mp
L~x1!&5E mp

L~t!g~t;x1!dt, ~34!

and the PDF ofmp
L(t):

f ~mp
L!5U dt

dmp
LUg@t~mp

L!;x1#, ~35!

wheret(mp
L) is obtained by invertingmp

L(t); ^mp
L& in ~34! is

the first moment of the PDFf (mp
L). The use of tempora

moments will be illustrated in the next section.

VI. APPLICATION EXAMPLES

For illustration purposes, we consider transport prop
ties pertinent to the alluvial aquifer near Yucca Mounta
Nevada, where a site is being considered for a high-le
nuclear waste repository~e.g., Ref. 27!. The following hy-
draulic parameters have been estimated:28 porosity q
50.25, geometic mean hydraulic conductivityKG50.29 km
yr21, and the mean hydraulic gradientV150.001 73 ~set
parallel to thex1-direction!. An isotropic integral scale o
ln K, and the variance of lnK, were estimated asI ln K52 km
and s ln K

2 51.56, respectively~see Appendix A for a brief
description on ground-water flow with randomly varyingK).
The grain density of the aquifer material is 2500 kg m23,
where from the bulk density is obtained asrb5(12q)
3250051875 kg m23.

As a first-order estimate of the mean and variance
ground-water residence time, we use simple express
~e.g., Ref. 29!

^t&5
L

U
543103 yr,

~36!

Var~t!5
2Ls ln K

2 I ln K

U2
512.43106 yr2,

where the transport distance for radionuclide transport in
alluvial aquifer isL58 km. @The asymptotic expression fo
Var(t) ~36! is obtained from~A2!, Appendix A, for large
L/I ln K ; in our caseL/I ln K54. We argue in Appendix A tha
the asymptotic expression~36! for Var(t) will generally be
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more accurate than the full expression~A2!, in particular
for L/I ln K,5.] The mean ground-water velocity isU
5KG V1 /q50.002 km yr21. With ^t& and Var(t) given in
~36!, the PDFg(t;L) will be hypothesized as log-normal.28

We consider transport of two radionulcides: plutoniu
~Pu-239!and neptunium~Np-237!. Neptunium is typically
not considered as a tracer susceptible to colloid transport
to its relatively low sorption~compared, for instance, to plu
tonium!. In fact, Penroseet al.4 found very little neptunium
associated with the particulate phase. However, Np is imp
tant in the performance assessment context,30,31 due to its
radiotoxicity,32 long half-life, and low sorption. In addition, a
large ‘‘meta-data’’ set on sorption parameters for Np in t
Yucca Mountain alluvial aquifer is available in Ref. 33 an
is suitable for sensitivity analysis.

From the available data set provided in Ref. 33, we
timated the geometric mean distribution coefficient for Np
0.0144 m3 kg21.28 The dimensionless partitioning coeffi
cient for Np is thenKd5rb30.0144/q5108, whereby the
retardation coefficient isR5109. The half-life of Np is rela-
tively large ~2.143106 yr!, and we approximate the deca
rate as zero. A data base for plutonium sorption propertie
the alluvium aquifer, corresponding to the one f
neptunium,33 is not readily available. For comparative pu
poses, we shall use the plutonium sorption coefficient
granitic rocks of 5 m3 kg21 ~Ref. 34, Table 12-1! ~the nep-
tunium sorption coefficient for granitic rocks suggested
Ref. 34, Table 12-1 is 0.01 m3 kg21 which turns out to be
close to our average value of 0.0144 m3 kg21 for the alluvial
aquifer!which yields a dimensionless sorption coefficient
Kd5rb35/q537 500. The half-life of Pu is about two
orders-of-magnitude shorter than for Np (2.43104 yr!, and
hence decay of Pu will be included in the computations.

Expected tracer discharge~or breakthrough!of nep-
tunium at the ‘‘control plane’’ has been computed witho
accounting for colloid-facilitated transport.28 An interesting
application problem then is as follows: To what extent co
colloids affect transport of Np, as well as of other radion
clides, such as Pu? In other words, to what extent co
colloids enhance radionuclide discharge at the ‘‘cont
plane?’’ Parameters required for computing collo
facilitated transport, such asCc , e, Kc , anda for the allu-
vial aquifer of the Yucca Mountain site are currently unava
able. We shall therefore illustrate a generic sensitivity
neptunium transport on the reversible ratesa f and a r , and
of neptunium and plutonium transport on the irreversible r
a5a f /Rc . For simplicity, we consider only kinetic sorptio
sites on colloids, and setk'0, wherebyRc51.

A. Expected radionuclide discharge

For computations of the expected radionuclide discha
~or breakthrough!we shall consider the case of irreversib
sorption on colloids for which the ‘‘reaction functions’’gX

andgY are given in~C6!. The expected values are comput
from ~C6! as
ue
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^gX&5
1

R8
e2at/R82ltg~ t/R8;x1!,

~37!

^gY&5
a

Kd8
e2at/Kd82ltF E

0

t

eat/Kd8g~t;x1!dt

2E
0

t/R8
eat/Kd8g~t;x1!dtG ,

where g(t;x1) is the ground-water~or nonreactive tracer!
residence time. SinceRc51, Kd85Kd andR85R. Equations
~37! quantify expected tracer breakthrough at the ‘‘cont
plane’’ @Fig. 1~a!# at x15L, for unit injected radionuclide
mass. ~In this case reference to the ‘‘accessible enviro
ment’’ @Fig. 1~a!#is appropriate: After crossing the ‘‘contro
plane,’’ radionuclides would be ‘‘accessible’’ for human
and/or ecosystems, for instance, in a discharge/pumping
for drinking water, or a river. For risk assessment, expec
radionuclide concentration can be computed from expec
radionuclide discharge, based on the estimated rate
ground-water flow which mixes radionuclides as they a
discharged into the ‘‘accessible environment’’~e.g., Ref.
35!. If we were solving a real case where the input is ot
than a pulse, the solutions~37! would need to be convoluted
with the given injection rate.! Note that in ~37!, we have
incorporated linear decay with the ratel @T21#.

With ground-water residence time moments~36! and a
log-normal PDF g(t;L), with Kd5108 for Np and Kd

537 500 for Pu, we computêgY& using ~37!, for a six
order-of-magnitude range ofa values. The quadratures i
~37! are carried out numerically. The results are illustrated
Fig. 2 and compared witĥgX& when a50, which corre-
sponds to the case of negligible effect of colloids.

Since colloids follow the ground-water, the first arriv
of both Np and Pu essentially coincides with that of t
ground-water~or a nonreactive tracer!. The precise time
first arrival for colloid-bounded radionuclide is weakly d
pendent on the value of the ratea ~Fig. 2!. The magnitude of
the expected radionuclide discharge, and in particular
peak, is strongly dependent ona: the six order-of-magnitude
range fora yields a six–seven order-of-magnitude range
the peak values both for Pu and Np~Fig. 2!.

Comparison between̂gY& and ^gX& indicates that the
difference in the peaks is much larger for Pu than Np,
cause Pu is subject to strong sorption on the porous ma
as well as to decay. If the impact of colloids is neglected,
first arrival of Pu is after 33104 years with a relatively low
peak; the breakthrough terminates after about 106 years. The
peak of the colloid-bounded Pu discharge can be consi
ably larger than that for the dissolved Pu, depending ona,
and is attained already after approximately 1000 years@Fig.
2~b!#. For the highest irreversible sorption rate conside
(a51023 yr21), the effect of colloid-facilitated transport i
dramatic: the peak for colloid-bounded Pu exceeds^gX& by
15 orders-of-magnitude@Fig. 2~b!#. We emphasize that th
curves in Fig. 2 are applicable only if the removal/generat
of colloids is negligible; these curves could be affected s
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nificantly if colloidal removal/generation is accounted fo
depending on the ratese andx ~see Sec. IV B!.

The impact of the two controlling sorption parameters
~37! Kd anda, is apparent in Fig. 2. A pulse of a strong
sorbing tracer~such as Pu!moves slowly through the aquife
and in a sense acts as a continuous source for the col
bounded tracer; hence the colloid-bounded tracer bre
through is greatly extended over time. Stronger sorption a
implies lower magnitudes of the colloid-bounded tracer d
charge, since more tracer mass in attached to the po
matrix and less tracer mass is available for irreversible so
tion on colloids; hence the maximum discharge is lower
Pu than for Np, approximately three orders-of-magnitu

FIG. 2. Sensitivity of the expected normalized discharge@Eq. ~37!# to the
irreversible mass transfer ratea for ~a! neptunium,~b! plutonium. The
ground-water residence time parameters^t&543103 yr and st

2512.4
3106 yr2 are those estimated for the Yucca Mountain site, Nevada~Ref.
28!; g(t) is assumed log-normal.Kd for neptunium is from Ref. 33, andKd

for plutonium is from Ref. 34.
id-
k-
o
-
us
p-
r
e

@Figs. 2~a!and 2~b!#, due to both largerKd for Pu and decay
of Pu.

It is peculiar that even an irreversible sorption rate
low asa51029 yr21 yields an effect which may be observ
able at the ‘‘control plane.’’ If we define an ‘‘intrinsic’’ ir-
reversible rate asa05a/ Cc ~a rate per unit colloidal con-
centration, see Secs. III D and IV B!, then with a typical
value of sayCc51023 kg m23, a51029 yr21 yields a0

51026 yr21 m3 kg2353.17310217 s21 l mg23. For a
51023 yr21, the corresponding intrinsic rate would bea0

53.17310211 s21 l mg23. These values may be difficult to
determine under laboratory conditions. For instance, ‘‘intr
sic’’ rates obtained for reversible sorption of cesium on k
olinite particles in laboratory columns are of the ord
102621027 s21 l mg23 ~Ref. 7! ~the range of colloidal con-
centrationsCc used in the experiments of Ref. 7 was 0.05
0.2 kg m23).

Since the decay of Np is relatively low, and Np sorbs
the porous matrix weakly compared to Pu, the overall eff
of colloids of Np is modest compared to Pu. The maximu
peak of the colloid-bounded Np discharge~for a51023

yr21) is approximately the same as that of the dissolved
when colloids are not present, whereas the first arriva
reduced by approximately one order-of-magnitude@Fig.
2~a!#.

B. Relative CFTT-indicators

In the following, we shall use temporal moments~31!, to
define relative ~dimensionless! indicators for colloid-
facilitated tracer transport~CFTT!:

mX[^m0
X&5E m0

Xg~t;x1!dt,

mY[^m0
Y&5E m0

Yg~t;x1!dt,

~38!

uX[
1

^t&RE S m1
X

m0
XD g~t;x1!dt,

uY[
1

^t&RE S m1
Y

m0
YD g~t;x1!dt.

u ’s andm ’s defined in~38! provide in pairs, relevant infor-
mation on the degree to which colloids may be expected
enhance contaminant transport; they can be useful for scr
ing purposes in environmental assessment. We shall il
trate CFTT-indicators~38! for Np, with R[11Kd5109, for
reversiblesorption on colloids witha f anda r as the control-
ling parameters. Given the ground-water residence time
ments~36! and a log-normalg(t;L), we shall highlight in a
generic manner the effect of ratesa f anda r on Np transport.

In the absence of colloids~i.e., for a f5a r50), mX51
anduX51, whereasmY50 anduY is not defined. Thus val-
ues of mX and uX close to unity imply that the effect o
colloids on tracer transport is small. If the effect of colloid
is sufficiently strong and tracer transport is by colloids on
thenmX50 anduX is not defined, whereasmY51/(11Kd)
and uY51; in other words, tracer mobility is significantl
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enhanced and the entire tracer mass arrives with grou
water, 11Kd times faster compared to the case where c
loids are not present.

Small uY indicates rapid transport, however, if the ra
idly transported tracer mass is small, then the effect is
negligible. The relative amount of tracer mass arriving at
‘‘control plane’’ on colloids is quantified bymY . From the
environmental assessment point of view, the unfavora
combination is smalluY with sufficiently large~nonnegli-
gible! mY , which implies a significant enhancement of trac
transport by colloids. The degree to which colloids enha
transport depends on the ratesa f and a r , the special case
being irreversible sorption (a r50).

The indicators~38! are computed by numerical quadr
tures using the ‘‘reaction functions’’ defined in~C9!, and are
plotted in the log-parameter space@log Dm,log(a f /a r)# in
Figs. 3 and 4. Dm[^t&a r is the Damkohler number. Fo
large Dm, colloid-tracer exchange is under equilibrium. T
equilibrium range is clearly indicated in Figs. 3 and 4 by t
vertical isolines, where already for Dm.10, u ’s andm ’s are
independent of Dm. In the limit Dm→0 ~which also implies
a f→0, since the ratioa f /a r is finite!, colloids do not affect
transport.

The patterns foruX anduY are different, with a relatively
large region where the value ofuY is around 0.5@Figs. 3~a!
and 4~a!#. In comparison,mX andmY have identical patterns
with complementary values@Figs. 3~b!and 4~b!#. The isoline
patterns ofuX ,mX are similar, with essentially overlappin
values, implying that a significant mass fraction transpor
in solution ~i.e., largemX) is always associated with larg
~retarded!residence time~i.e., largeuX), and vice versa, due
to the retardation of the dissolved tracer. By contrast,uY ,mY

have dissimilar patterns and nonoverlapping values. In o
words, in a substantial region of the parameter space, lowuY

can be associated with relatively highmY , indicating rapid
transport of nonnegligible tracer mass. It is of particular s
nificance to accurately estimate Dm in this region. Neglecting
kinetic effects for Dm,10 may result in considerable unde
estimation of the colloidal impact on tracer migration. If s
multaneously Dm→0 anda f /a r→`, we obtain the irrevers-
ible limit, summarized by~18!.

Finally, we note the relationship between the expec
discharge curves of Fig. 2~a! and dimensionless indicators o
Fig. 4. The area under the curves^gY& in Fig. 2~a! is mY of
Fig. 4, i.e.,mY5*^gY& dt, whereas the mean residence tim
for Np is * t^gY&dt5^m1

Y& which is approximatelymYuY

~sinceuY5^m1
Y/m0

Y&). In Fig. 2 we consider the irreversibl
sorption limit, whereas in Fig. 4 we consider reversible so
tion. Thus the region in the parameter space of Fig. 4 wh
a f is large compared toa r roughly corresponds to the irre
versible case of Fig. 2.

VII. CONCLUSIONS

We derived solutions forgX andgY that quantify reac-
tive solute transport in a three-phase system~fluid-porous
matrix-colloids!, and can be used for computing dissolv
and/or colloid-bounded tracer concentration, discharge
mass flux in aquifers. The derived solutions are applica
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for equilibrium and irreversible sorption of the tracer on
colloids, where reaction parameters, including colloidal co
centration, are spatially variable or uniform~Appendix C!.
The results in this work were obtained based on three
assumptions: ~i! the physical transport is advection
dominated, i.e., effects of pore-scale dispersion are ne
gible; ~ii! colloidal concentration varies in space but not
time; ~iii! all mass transfer reactions are linear.

The statistical computations of the reaction functionsgX

and gY , involve, in the general case, joint statistics of L
grangian quantitiesn, §, m, v, andt, which depend on the

FIG. 3. Dimensionless parameters@Eq. ~38!# for dissolved neptunium as a
function of dimensionless tracer-colloid~reversible!exchange rates,a f and
a r : ~a! uX and ~b! mX . The ground-water residence time parameters^t&
543103 yr and st

2512.43106 yr2 are those estimated for the Yucc
Mountain site, Nevada~Ref. 28!;g(t) is assumed log-normal.Kd for nep-
tunium is from Ref. 33.
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Eulerian statistics of the hydraulic conductivity and react
parameters. The moments ofn, §, m, v, andt can be de-
termined analytically based on first-order expansions, or
merically using Monte Carlo simulations; the methodolo
would be analogous to the one applied in Ref. 12~see also
Ref. 26! for a simpler problem of transport in aquifers wi
spatially variable sorption properties. A discussion on
computation of the joint statistical moments ofn, §, m, v,
andt, is given in Appendix B.

The present results enable sensitivity analysis of vary
complexity, from homogeneous conditions and constantCc ,

FIG. 4. Dimensionless parameters@Eq. ~38!# for colloid-bounded neptunium
as a function of dimensionless tracer-colloid~reversible!exchange rates,a f

and a r : ~a! uY and ~b! mY . The ground-water residence time paramet
^t&543103 yr and st

2512.43106 yr2 are those estimated for the Yucc
Mountain site, Nevada~Ref. 28!;g(t) is assumed log-normal.Kd for nep-
tunium is from Ref. 33.
u-

e

g

to randomly varying reaction parameters~including the
steady-state colloidal concentration,Cc), reversible and irre-
versible exchanges, equilibrium and nonequilibrium e
change, on one or two sites. Such analysis would aid
setting constraints on future laboratory and field investi
tions designed to more accurately assess the significanc
colloid-facilitated tracer transport in aquifers.

The applicability of the general result~28! was illus-
trated for the special case of spatially uniform reaction
rameters, where colloid removal and generation are
glected. In particular, we used~37! for computing expected
discharge of plutonium and neptunium in the alluvial aqui
of the Yucca Mountain site, Nevada. A generic sensitiv
analysis indicates that the effect of colloids may be drama
depending on the irreversible transfer ratea, in particular for
plutonium. Even an extremely low irreversible ratea ~which
may be difficult to measure in the laboratory!, can apparently
yield observable effects.

Suitable dimensionless indicators~38! were proposed for
assessing the potential impact of colloid-facilitated tra
transport~CFTT! in aquifers. Using the PDFg(t) pertinent
to the alluvial aquifer near Yucca Mountain, Nevada, CFT
indicators~38! were shown to be sensitive to the reversib
kinetic rates of the tracer-colloid interaction,a f ,a r . Of par-
ticular interest is the range of kinetic rates far from equil
rium for which essentially irreversible mass transfer tak
place. Plotted sensitivity curves indicate that accurate e
mates of kinetic ratesa f anda r under field conditions, may
indeed be important when assessing the extent to wh
tracer transport in ground-water is affected by colloids
similar conclusion has been drawn for laboratory conditio
~e.g., Refs. 7, 8!. The curves in Figs. 3 and 4 may be used
a site-specific assessment of the colloidal impact, provi
that the parametersKc , a f , anda r can be estimated base
on available field and laboratory data.

Several extensions of the present results are poss
Reaction functions of Appendix C can be incorporated in
the semianalytical framework of Ref. 36 for analyzin
colloid-facilitated contaminant transport in a soil-groun
water system, which is of particular interest for organic p
lutants. Likewise, the reaction functions in Appendix C c
be directly incorporated into the relative dispersion fram
work of Ref. 25, which is useful in analyzing the fate
relatively small contaminant plumes in a risk assessm
context.

For risk assessment of subsurface contaminants, it i
interest to compute higher-order moments~e.g., variance!of
the tracer discharge, or the mass flux, where pore-scale
persion plays an important role.~This role is analogous to the
one molecular diffusion plays in turbulent diffusion.! A
methodology is available for computing the concentrat
variance within the Lagrangian framework, where the eff
of pore-scale dispersion is accounted for.37 The methodology
of Ref. 37 has been recently extended for computing
variance of the mass flux for reactive solute.38 The quantities
required for extending the methodology of Ref. 38 and co
puting the variance of mass flux~or discharge!for dissolved
as well as colloid-bounded tracer, are the derived reac
functions@Eqs.~15!–~17!, ~21!–~24!#.
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APPENDIX A: GROUND-WATER FLOW AND
ADVECTIVE TRANSPORT

We consider ground-water flow in an aquifer with sp
tially variable hydraulic conductivity, K(x), where
x(x1 ,x2 ,x3) is a Cartesian coordinate vector. The spa
variability of the hydraulic conductivity encountered in aqu
fers is set into a rational framework by regardingK(x) as a
random space function~RSF!.

The ground-water velocityV(V1 ,V2 ,V3) satisfies the
continuity equation¹•(qV) 50, and is related toK, the po-
rosity q, and to the hydraulic headF through Darcy’s law
V52(K/q)¹F; consequently,V is a RSF. The suppor
scale forV is what is referred to as the local~or laboratory!
scale@Fig. 1~b!#.

The common assumption is thatK is log-normally
distributed,15 i.e., ln(K/KG) is N(0,s ln K

2 ) where KG is the
geometric mean ofK. An ~an!isotropic negative exponentia
covariance is usually employed in geostatistical models
the hydraulic conductivity, where the integral scales of lK
are inferred from field data.15 In the isotropic case, one inte
gral scale is required,I lnK .

Ground-water flow through aquifers is generally stea
or changes slowly, hence we assume steady-state condit
The flow is driven by field-scale, steady boundary conditio
that impose an average constant hydraulic gradient,V. Be-
cause the variations in porosity are relatively small, a co
mon assumption is that of uniform porosity. The statistics
V have been related to the statistics ofK both analytically
using first-order approximations~e.g., Ref. 39!, and numeri
cally using Monte Carlo simulations~e.g., Ref. 40!.

A nonreactive and dynamically inert tracer injected
x5a(0,a2 ,a3) @Fig. 1~b!#is advected as an indivisible entity
referred to as a tracer parcel. The support scale for the tr
parcel is the local scale@Fig. 1~b!#; thus the tracer parce
consists of many tracer and colloidal particles. The par
advection trajectory isX( t;a) @X1(t;a),X2(t;a),X3(t;a)#,
with X(0;a)5a, where X is obtained by solving
dX( t;a)/dt5V@X( t;a)#.41,14

A useful parametrization of Lagrangian variables is
terms ofx1 , i.e., the position parallel to the mean flow~e.g.,
Refs. 10, 13!. The solution ofx12X1(t;a)50 yields t
5t(x1 ;a) wheret50 for x150. Hencet is the advective
travel time fromx150 to x1 . Note that ifx12X1(t;a)50
has multiple roots, we select the first passage time. Next
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define h(x1 ;a)5X2(t;a) and z(x1 ;a)5X3(t;a) wherex2

5h and x35z pertain to the trajectory. The Lagrangia
quantitiest and h,z satisfy differential equationsdt/dx1

51/V1(x1 ,h,z) dh/dx15V2(x1 ,h,z)/V1(x1 ,h,z) and
dz/dx15V3(x1 ,h,z)/V1(x1 ,h,z) with h(0;a)5a2 and
z(0;a)5a3 .

Ground-water~or nonreactive tracer!residence time,t,
is defined in an integral form as

t~x1 ;a!5E
0

x1 dx

V1@x,h~x;a!,z~x;a!#
, ~A1!

which has served as a basis for analytical~approximate!or
numerical computations oft statistical moments~e.g., Refs.
12, 29!. For instance, the first-order expression for Var(t) in
a three-dimensional, statistically isotropic, heterogene
aquifer is

Var~t!U2

I ln Ks ln K
2

52F j2
8

3
1

4

j
2

8

j3
1

8

j2 S 11
1

j De2jG , ~A2!

wherej5x1 /I ln K . Note that at first-order,~A2! is identical
in form to the longitudinal displacement variance deriv
first in Ref. 14, Eq. ~4.9!. For j→`, we obtain the
asymptotic expression for Var(t) ~36!. Clearly ~36! for
Var(t) overestimates the pre-asymptotic value~A2!, in par-
ticular for relatively small x1 /I ln K . However, three-
dimensional numerical simulations have shown that~A2! un-
derestimates simulated values fors ln K

2 51 ~Ref. 24, Fig. 2!.
Hence applying~36! rather than~A2! for Var(t) at L/I ln K

54 is likely to be more accurate@see Fig. 2~c!in Ref. 24#.
Any Eulerian quantityQ(x) can be transformed to ob

tain its Lagrangian counterpart, either as a function oft, or
x1 . In particular,

Q~t!5Q@X~t!#, Q~x1!5Q@x1 ,h~x1!,z~x1!#.

Note thatQ(x),Q(t), andQ(x1) are all different functions,
however, the same notation is retained for simplicity. F
thermore, a gradient¹•(QV) whereQ(t,x), is transformed
onto a trajectory~stream tube!as dQ/dt, whereQ(t,t).10

Using dt5dx1 /V1 , we also have

E
0

t

Q~u!du5E
0

x1Q~j!

V1
dj.

APPENDIX B: LAGRANGIAN STATISTICS

Computation of expected values in Secs. V A–V B r
quire ~joint! probability density functions~PDFs!, of one or
several Lagrangian variables:t, m, n, v, and§. The basis
for determining these PDFs are, on the one hand, the E
rian fields of the reaction parameters (a, e, x, P) with given
statistics, and on the other hand, the statistics of the hyd
lic conductivity,K, as well as the boundary conditions~e.g.,
a mean hydraulic gradient!, for solving ground-water flo
~see Appendix A!.

The Lagrangian PDFs of Secs. V A–V B can be co
puted from the Eulerian statistics only approximately. T
two principal approaches areanalytical using the small per-
turbation approximation, andnumericalusing Monte Carlo
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simulations. The analytical approach assumes that the tra
tories are approximately parallel to the mean flow, where
the Eulerian and Lagrangian statistics are related in a sim
manner.15

The simplest PDF considered here is for the grou
water residence time,t, g(t), used in~30!, ~34!, and~37!–
~38!, where all reaction parameters are assumed spat
uniform. The PDFg(t) has been the subject of several i
vestigations, analytical and numerical. One analytical
proach is to derive the first two moments oft based on smal
perturbation approximation, and then assume a partic
form of g(t); a common form is the log-normal distribution
Alternatively, g(t) can be expressed as a function of t
PDF of the trajectoryX, g(X). 15 Both approaches are ap
proximate, since only the first two moments are compu
analytically ~of t or X), and the actual form of the PDF
@g(t) or g(X)] has to be hypothesized. Both analytical a
proaches yield comparable results and have been verifie
numerical simulations.40,11 For large variability inK, the ap-
proximate analytical results are not applicable, and the de
mination ofg(t) has to rely on numerical Monte Carlo simu
lations ~e.g., Refs. 40, 11!.

Joint PDFs for Lagrangian random variables which in
grate reaction parameters along a trajectoryX, are used in
~26!–~27!. The moments of these PDFs can be compu
analytically using first-order expansions as presented in R
12. The approach in Ref. 12 was to compute the first t
moments of the two random variablest andm ~including the
joint moment! and then assume a particular~log-normal!
joint PDF. In Ref. 12, we compared the analytical~approxi-
mate! results with results from two-dimensional numeric
simulations, and found a reasonable agreement for sma
moderate variability in the hydraulic conductivity and rea
tion parameter. The approach of Ref. 12 can be extende
several random variables, relevant for the joint PDF in~26!.

The most complex PDFs considered here are given
~28!, ~29!, and~33!. These involve different Lagrangian var
ables at two different locations. In principle, the same a
lytical methodology can be applied as that used in Ref.
however, the computations would be more comprehens
since more complex correlations are involved. Monte Ca
simulations would essentially be the same as those in Re
for two-dimensional aquifers and in Ref. 26 for thre
dimensional aquifers, except that more variables need to
considered.

Specifically, simulations of advective~nonreactive!
transport are required for computing the joint PDF, for
stance, in~29!. The first step is generating on a grid realiz
tions of theK field and solving subsequently the flow equ
tions to obtain the velocityV and the associated Lagrangia
variablest(x1 ;a),h(x1 ;a) , andz(x1 ;a), which depict the
trajectories of the fluid flow and advective transport. In p
allel, fields of e(x1 ,h,z), a(x1 ,h,z), x(x1 ,h,z), and
P(x1 ,h,z) are generated on the same grid by using the gi
Eulerian statistics. Once this step is accomplished, rand
variablesn, m, andv are derived by quadratures along t
trajectory. In addition to the random variables which in
grate reaction parameters, we also consider the ratioa/V1

and § along the trajectory. It is emphasized that for t
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steady flows considered here, the time variable is not
volved in the computation steps, and only the spatial dis
butions of the aforementioned variables is required. T
main practical task with the simulations would be to te
various correlations and provide a basis for simplified a
lytical models of the joint PDFs.

APPENDIX C: UNIFORM CASE

The coupled Lagrangian system~8! accounts for spatia
variability in the ground-water velocity throught. If reaction
parameters in~8! are random space functions, then we r
quire field data on their statistics~e.g., mean, auto-, and
cross-covariances, etc.!. In many applications, however, o
a few samples may be available for determining the sorp
properties, insufficient for a statistical description. In the
cases, the available data would be used to provide the
estimate of effective~uniform! parameter values.

Here we assume thate5x50, i.e.,Cc5Cc
0 is uniform in

the domain of interest, and that the reaction parameters in~8!
are spatially uniform. We consider ‘‘nonideal’’ transpo
(cpmÞ0), and give examples for the common reversible l
ear sorption–desorption model~e.g., Refs. 16, 10!,

cpm[2kfgX1krNX , F[
skf8

s1kr8
,

kf8[kf /Rc , kr8[kr /Rc , ~C1!

wherekf is the forward, andkr the reverse rate. We see i
~C1! that the kinetic sorption rates for the porous matrix a
reduced by a factorRc , due to the presence of colloids,

The boundary conditions forgX and gY are gX(t,0)
5d(t) and gY(t,0)50 with an initially tracer-free porous
medium,gX(0,t)5gY(0,t)50.

Irreversible sorption

With a r50 anda[a f /Rc
0 , we get from~8!–~10! with

n50, v5at, m5Kdt/Rc
0 ,

ĝX5exp@2~s1A! t#,
~C2!

ĝY5
a

A
exp~2st!$12exp@2A t#%,

where

A[sKd81a1F,
~C3!

Kd8[
Kd

Rc
0

, Rc
0511kCc

0,

and F is arbitrary. With F defined in ~C1! ~where Rc

[Rc
0), inversion of~C2! with ~C3! yields

gX~ t,t!5exp~2at!g~ t2Kd8t,t!, ~C4!

gY~ t,t!5aE
0

t

f ~ t2t8!h~ t8,t!dt8, ~C5!

where
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h~ t,t![d~ t2t!2exp~2at!g~ t2Kd8t,t!,

f ~ t ![eptFcosh~qt!1
kr81p

q
sinh~qt!G ,

p[2
1

2Kd8
~Kd8kr81a1kf8!, q2[p22

akr8

Kd8
,

and

g~ t,t![L 21$exp@2t~s1F!#%

5e2tkf8d~ t2t!

1tkf8kr8 exp$2@kf8t1kr8~ t2t!#%

3 Ĩ 1@kf8 kr8t~ t2t!#H~ t2t!

is the reaction function for linear reversible sorption
desorption, with Ĩ 1(Z)[I 1(2Z1/2)/Z1/2, and I 1 being the
modified Bessel function of the first kind of order one~e.g.,
Ref. 10!.

The case of equilibrium sorption on the porous matrix
formally obtained by settingF50. Equivalently, the equilib-
rium case is obtained in the limit as kinetic rates beco
large; thenF;s, sayF5B s, andB can be incorporated into
Kd . gX andgY are for the equilibrium case given by~23!–
~24! which here reduce to

gX~ t,t!5exp~2at!d@ t2~11Kd8!t#,
~C6!

gY~ t,t!5
a

Kd8
expF2

a~ t2t!

Kd8
G @H~ t2t!

2H~ t2t2Kd8t!#.

In the case whereKd850 andR851, i.e., tracer sorption onto
the porous matrix is negligible, we get simple expression

gX~ t,t!5e2a td~ t2t!, gY~ t,t!5~12e2at!d~ t2t!,

where the pure advective case is obtained for total tra
discharge~in water and on colloids!asgX1gY5d(t2t).

Reversible sorption

With e5x50 and constant reaction parameters, Lapla
transform of~8!–~11!, yields

dĝX

dt
5a11ĝX1a12ĝY,

~C7!
dĝY

dt
5a21ĝX1a22ĝY,

where the components ofai j are defined by

a1152@s~11Kd8!1a f1F#,
~C8!

a125a r , a215a f , a2252~s81a r !.

Note that botha f anda r are scaled byRc
0 . In other words,

the rates which would be estimated~if possible! in the ab-
e

er

e

sence of equilibrium sorption need to be reduced by a fa
Rc.1, if parallel equilibrium sorption on colloids take
place.

The solution of~C7! is

ĝX~s,t!5A1 exp~L1t!1A2 exp~L2t!,
~C9!

ĝY~s,t!5B1 exp~L1t!1B2 exp~L2t!,

where

A15
a112L2

L12L2
, A25

L12a11

L12L2
,

B15A1

L12a11

a12
, B252B1 ,

L1,25
1
2 ~a111a22!6 1

2 @~a112a22!
214a12a21#

1/2.

OnceĝX andĝY are computed from~C9!,gX andgY can
be obtained by numerical inversion for anyF. An analytical
approach is to characterizegX andgY by temporal moments
~31!–~32!, whereĝX andĝY are given in~C9!; this approach
has been used for illustration in Sec. VI B.
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